We obtain a polynomial-time -approximation algorithm for the minimum-cost 2-vertexconnected spanning subgraph problem, restricted to graphs of minimum degree at least 3. Our algorithm uses the framework of ear-decompositions for approximating connectivity problems, which was previously used in algorithms for finding the smallest 2-edge-connected spanning subgraph by Cheriyan, Sebő and Szigeti (SIAM J.Discrete Math. 2001) who gave a .
Introduction
A graph is 2-vertex-connected if the deletion of any vertex, along with its incident edges, does not disconnect the remainder of the graph. The problem of finding a smallest 2-vertexconnected spanning subgraph of a given graph is NP-hard. This can be seen via the following reduction from the Hamiltonian cycle problem: A graph G has a Hamiltonian cycle if and only if the number of edges in the smallest 2-vertex-connected spanning subgraph is equal to the number of vertices in the graph.
Khuller and Vishkin gave a 5 3 -approximation algorithm for 2-vertex-connectivity in [1] . This was improved by Garg, Singla and Vempala, who obtained an approximation ratio of 3 2 in [2] . Better approximation ratios have been claimed in the past, but to the best of our knowledge, no complete proof had been published for these. Recently, Heeger and Vygen gave aapproximation algorithm for this problem. Our research was carried out independently in the same period. OP T 2V C (G) edges.
Our analysis is detailed in Theorems 2, 3 and 5 below.
The following Lemma (Lemma 1) allows us to replace a given ear-decomposition on a graph with another ear-decomposition on the same graph. It is used in the proof of Theorem 2. The Lemma is simple to prove, and its proof is left to the reader. The reader may find Figure  1 useful for understanding the statement of the Lemma.
Lemma 1. Let D be an ear-decomposition of a graph G. Suppose P and Q are nontrivial ears of D such that Q is the first nontrivial ear of D with an endpoint in an internal vertex of P . Further, suppose that only one of the endpoints of Q is an internal vertex of P , and that this endpoint is adjacent, by an edge of P , to an endpoint of P . Let x and y be the end vertices of P and w and z be the end vertices of Q, such that w is the internal vertex of P adjacent to y.
Let P be the ear with endpoints x and z and consisting of all edges of P and Q except wy. Let D be the ear-decomposition constructed from D by deleting the ears P and Q, adding the ear P in the position of Q, and adding the trivial ear wy at the end of the ear-decomposition. Then D is a valid ear-decomposition of G. Proof. Using Proposition 3.2 of Cheriyan, Sebő and Szigeti [3] , construct an open eardecomposition D = (P 0 , P 1 , . . . , P k ) of G with φ(G) even ears.
Suppose the closed ear P 1 is short (that is, P 1 is a 3-ear). Since every vertex of G has degree at least 3, G has at least 4 vertices, hence D has at least one open ear. Suppose u and v are the end vertices of P 2 , then there is a u, v-path of length 2 in P 1 . Let P be the union of the u, v-path in P 1 and the u, v-path in P 2 . Delete the ears P 1 and P 2 from D, and add the ear P in the position of P 1 in D, and the trivial ear uv at the end of D. Now the closed ear in D is a long ear, and D is still evenmin. Set k := k − 1 and relabel the new ears of D such that D = (P 0 , P 1 , . . . , P k ).
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The cycle-ear P 1 is a short ear
We proceed to make all other short ears pendant, starting with 2-ears. As long as D has a non-pendant 2-ear, we repeat the following procedure. Choose the first non-pendant 2-ear P in D. Since P is non-pendant, there exists a nontrivial ear in D with one end incident on the internal vertex z of P . Let Q be the first such ear in D.
Figure 3: P is a 2-ear Let u and v be the end vertices of P and x and z be the end vertices of Q such that u = x. Delete ears P and Q from D, and construct the ear P with ends at u and x, containing internally the internal vertices of both P and Q, as shown by the thick line in Figure 3b . Add the ear P to D in the position of Q. Add the trivial ear vz at the end of D. By Lemma 1, D is still a valid ear-decomposition of G. Since Q was a nontrivial ear, P has length at least 3, hence this procedure reduces the number of 2-ears in D by one. Further, P is an open ear, thus D is still an open ear-decomposition. If Q was an even ear, then this procedure reduced the number of even ears by 2, contradicting our assumption that D is evenmin. Hence Q was an odd ear, and the number of even ears remains unchanged in D.
After repeating the above procedure for all non-pendant 2-ears, all 2-ears in D are pendant. Next, we make all 3-ears pendant. As long as D has a non-pendant 3-ear, we repeat the following procedure. Prior to each iteration, we relabel the ears in D such that the i th ear is labelled P i .
Let P be the first non-pendant 3-ear in D. Let x and z be the endpoints of P , and let v and y be the internal vertices of P adjacent to x and z respectively (as shown in Figure 4 ). Case 1. There exists a nontrivial ear Q with endpoints v and y. There exist ears Q 1 and Q 2 such that Q 1 has endpoints x and y, Q 2 has endpoints v and z, and at least one ear in {Q 1 , Q 2 } is nontrivial.
Let P be the ear with endpoints x and z consisting of all the edges of Q 1 and Q 2 and the edge vy (as shown by the thick dashed line in Figure 6b ). Delete the ears P , Q 1 and Q 2 from D, and add the ear P to D in the position of P , and the trivial ears ax and by at the end of D. The resulting open ear-decomposition D is valid for G. If both Q 1 and Q 2 are even ears, then this procedure reduces the number of even ears in D by 2, contradicting our assumption that D was evenmin. If either zero or exactly one of these ears is even, then D remains evenmin.
Case 3. Otherwise, let Q be the first nontrivial ear with an endpoint at an internal vertex of P (say y). Let w be the other endpoint of Q (as shown in Figure 7 ).
Case 3a. w = x. Let P be the ear with endpoints x and w, consisting of the edges of P and Q except yz. Delete the ears P and Q from D, add the ear P to D in the position of Q, and the trivial ear yz at the end of D. P is both open and long, and the resulting ear-decomposition D is valid for G by Lemma 1. Since the length of P has the same parity as the length of Q, the number of even ears remains the same.
Case 3b. w = x, and v is the endpoint of a trivial ear uv such that u ∈ X. We refer the reader to Figure 8a for this case. Let R be the ear containing u internally. If R is a short ear, then it is pendant (since P is the first non-pendant short ear). We have the following cases:
(i) R is a 2-ear. Choose an endpoint a of R that does not coincide with z, and let P be the ear au ∪ uv ∪ vy ∪ yz. Delete P and R from D and add the 4-ear P in the position of P , and the new trivial ears at the end of D. (ii) R is a 3-ear. Choose the endpoint a of R which is not adjacent to u in R. Let R be the ear of length 2 in R with endpoints a and u. If a does not coincide with x, let P be the ear R ∪ uv ∪ vy ∪ Q, which has the same parity as Q. Delete R, P and Q from D and add P in the position of P in D and the trivial ears at the end of D. If a coincides with x, let P be the ear R ∪ uv ∪ vy ∪ yz of length 5. Delete R and P from D and add P in the position of P in D and the trivial ears at the end of D.
In both of the above cases, we do not create extra even ears, and the resulting ear-decomposition is open, evenmin, and valid for G. If R is a long ear, let P be the ear Q ∪ yv ∪ vu. Delete P and Q from D and add P in the position of P in D, and the trivial ears at the end of D. This ear has the same parity as the ear Q, so the resulting ear-decomposition is open, evenmin, and valid for G.
Case 3c. Otherwise, since the graph has minimum degree at least 3, v is adjacent to a vertex u / ∈ X ∪ {y}. Observe that this is the only remaining case. Let R be the ear containing the edge uv, and let t be the other endpoint of R. In particular, if uv is a trivial ear, then t is the vertex u. We refer the reader to . Set t = c. The following observations will be useful in our analysis.
• If S new 0 is even, then S is even (thus replacing S with S new 0 in any eardecomposition will not, by itself, increase the number of even ears in that ear-decomposition).
is odd and S is even.
When this sub-procedure terminates, we have the following cases:
Delete P and all ears in F old from D, and for each ear in F old , replace it with the corresponding ear in F new 0 at the same position in D (this does not add any extra even ears, but might create new non-pendant short ears; observe that these ears occur later in the ear-decomposition than the newly created long ear in this iteration). In the position of P , add the ear P . Add the trivial ear xv at the end of D. The resulting ear decomposition is valid because the sub-procedure is terminated when a vertex in X is encountered, thus every ear in F old appeared after P in D, hence every ear in F . Choose u to be the neighbour of v on the last ear that was labelled S. Let R be this ear and let t be its other endpoint. Since every choice of R that we make in this manner appears strictly earlier in the ear decomposition than all the previous choices, the sub-procedure can only be repeated O(n) times before we no longer have this case.
. . , L k }, and let P be the ear xv∪R∪L 1 ∪. . .∪L k ∪yz. Delete P and all ears in F old from D, and for each ear in F old , replace it with the corresponding ear in F new 0 at the same position in D. In the position of P , add the ear P . Add the trivial ear vy at the end of D. This ear-decomposition is valid, as explained earlier.
If all of the ears in L are even, then P has the same parity as R, and this step does not introduce any extra even ears. If not, then L contains at least one odd ear, in which case P is even and we do not introduce extra even ears (as explained earlier). are even, we have the following cases: (a) Q and R are odd. In this case, P is odd and we do not introduce extra even ears. (b) Exactly one of Q and R is even. In this case, P is even and we do not introduce extra even ears. (c) Q and R are even. In this case, P is odd, contradicting the assumption that D was evenmin; this case cannot occur. If is odd and the corresponding ear in F old is even. Since we have already reduced the number of even ears by at least one, we do not introduce extra even ears.
In all of the above cases, the internal vertices of P are added to a long ear in D. If P was a 3-ear, then it is possible that we created new non-pendant short ears that appear after P in the new ear-decomposition. These short ears are handled in future iterations of the above procedure, in the same manner as above (that is, first we handle all non-pendant 2-ears, then we handle the first non-pendant 3-ear).
In each iteration, the above procedure takes time polynomial in |V (G)| for the non-pendant short ear under consideration. Further, if this short ear is a 3-ear, the internal vertices of this short ear are added to long ears, and are never again added to a non-pendant short ear until termination. As a consequence, the set X in each iteration is a strict superset of the corresponding set in any previous iteration. Hence the running time for the whole procedure is polynomial.
On termination of this procedure, the ear-decomposition D is open and has φ(G) even ears, and all of its short ears are pendant. Since D has φ(G) even ears, there are no edges connecting the internal vertices of 2-ears. If not, we could replace the 2-ears and the trivial ear connecting their internal vertices by a pendant 3-ear and two trivial ears, reducing the number of even ears by two, contradicting the assumption that D is evenmin. Since we have two choices for each end vertex of such a 3-ear, we can always choose its end vertices such that it is open.
As long as D has two short pendant ears P and P with an edge e connecting an internal vertex of P with an internal vertex of P , we repeat the following procedure. Case 1. One of the ears P and P is a 2-ear.
Without loss of generality, assume P is a 2-ear and P is a 3-ear.
Let a and b be the endpoints of P and z be the internal vertex of P . Let c and d be the endpoints of P and x and y be the internal vertices of P such that x is adjacent to both c and z (Figure 9a ). Construct the ear S as shown by the thick paths in Figures  9b and 9c , that is, S consists of the edges az, zx, xy and yd if the vertices a and d are distinct, and the edges bz, zx, xy and yd if they coincide. Remove the ears P and P from D, and add the ear S in place of the ear P , followed by trivial ears consisting of the remaining edges from P and P that are not in S. Since P and P are both pendant ears, the new ear-decomposition is a valid ear-decomposition of G. Since the end vertices of S are distinct, it is open, and since we deleted a 2-ear from D before adding a 4-ear to it, the number of even ears in D remains equal to φ(G).
Case 2. Both P and P are 3-ears.
Let a and b be the endpoints of P and let v and w be its internal vertices adjacent to a and b respectively. Let c and d be the endpoints of P and let x and y be its internal vertices adjacent to c and d respectively (Figure 10) . Suppose v and y are adjacent. We have the following cases. Construct the ear S with endpoints b and c and edges bw, wv, vy, yx and xc (as shown by the thick path in Figure 11 ). Remove the ears P and P from D, add the ear S in place of the ear P , and add the trivial ears consisting of the remaining edges from P and P that are not in S at the end of D. Since P and P are both pendant ears, the new ear-decomposition is a valid ear-decomposition of G.
Since the end vertices of S are distinct, it is open, and since S is an odd ear, the number of even ears in D remains equal to φ(G). Since every vertex of the graph has degree at least 3, x is adjacent to some vertex not in the set {b, y}.
Case 2b.I. x is adjacent to an internal vertex of P . If x is adjacent to v, construct the ear S with endpoints b and d and edges bw, wv, vx, xy and yd (as shown by the thick path in Figure 13a ). Otherwise, x is adjacent to an internal vertex of P Case 2b.II. x is adjacent to an internal vertex z of an ear R not equal to P . Since the input graph is simple and does not have parallel edges, z does not coincide with b or y. If R is a long ear, construct the ear S with endpoints b and z and edges bw, wv, vy, yx and xz (as shown by the thick path in Figure  14a ). Delete P and P from D, add S to D in place of P , and add all of the dashed edges in the corresponding figure in trivial ears at the end of D.
Otherwise, if R is a short ear, then it is pendant. If it is a 2-ear (Figure 14b ), construct the ear S as shown by the thick path in the figure. Observe that we have two choices for one end of this ear: we choose to end the ear at either g or h, so as to ensure that it is an open ear. The example in the figure shows S ending at g, with edges gz, zx, xy, yv, vw and wb. Remove P , P and R from D, add S to D in place of P , and add all of the dashed edges in trivial ears at the end of D.
Otherwise, R is a 3-ear. Let g and h be the endpoints of R, and i and z be its internal vertices adjacent to g and h respectively (Figures 14c and 14d) . We have two cases: either g and b are distinct, or they coincide. If they are distinct, construct the ear S as shown by the thick path in Figure 14c , with edges bw, wv, vy, yx, xz, zi and ig. Delete P , P and R from D, and add S to D in place of P , and all of the dashed edges in trivial ears at the end of D. Otherwise, the vertices g and b coincide. Construct the ear S as shown by the thick path in Figure 14d , with edges gi, iz, zx, xy and yd. Delete the ears P and R from D and add S to D in place of P , and all of the dashed edges in trivial ears at the end of D.
In all cases, the number of even ears remains equal to φ(G), since the only case where S is an even ear is when R is a 2-ear. Additionally, S is an open pendant ear, hence the new ear-decomposition is valid for G. -approximation algorithm for the minimum 2-vertex-connected spanning subgraph problem on graphs with minimum degree at least 3. For any 2-vertexconnected graph G where every vertex has degree at least 3, it finds a 2-vertex-connected spanning subgraph with at most 17 12
OP T 2V C (G) edges in polynomial time.
Proof. Construct an open evenmin nice ear-decomposition D for G. Let π denote the number of pendant ears and π 3 the number of (pendant) 3-ears in this ear-decomposition. We have π 3 ≤ π. Let H be the graph obtained by deleting from G all edges that are in trivial ears in this ear-decomposition. Since the nontrivial ears of D form an open ear-decomposition for H, H is 2-vertex-connected (Whitney [5] ), and has at most 17 12 LP(G) edges, which we show using the following claims. Proof. For any ear P with |E(P )|≥ 5, we have |E(P )|≤ 5 4 |in(P )|. For any 4-ear or 2-ear P we have |E(P )|≤ 5 4 |in(P )|+ 3 4 . For any 3-ear P we have |E(P )|≤ 5 4 |in(P )|+ 1 2 . Let E be the set of edges in nontrivial ears. Since the total number of 4-and 2-ears in D is at most φ(G), and π 3 ≤ π, the total number of edges in nontrivial ears is at most 
